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INTERSECTION COHOMOLOGY OF S1-ACTIONS1
Gilbert Hector and Martin Saralegi2
Given a free action Φ of the circle S1 on a manifold M there exists a long exact sequence (the Gysin
sequence) relating the cohomology of the manifolds M and M/S1:
(∗) · · · → H i(M)
∮
∗
−→ H i−1(B)
∧[e]
−→ H i+1(B)
π∗
−→ H i+1(M)→ · · · .
Here [e] ∈ H2(M/S1) denotes the Euler class of Φ and
∮
the integration along the fibers of the canonical
projection π:M → M/S1. This result has been extended to almost free actions in [9]. In this context,
the orbit space is not a manifold but a Satake´ manifold.
If the manifold M is compact, the Euler class vanishes if and only if there exists a locally trivial
fibration Υ:M → S1 whose fibers are transverse to the orbits of Φ (see [9], [10]). Nevertheless, there are
simple examples showing that the above results are not true if we allow the action Φ to have fixed points.
In this work we construct a Gysin sequence for a generic action extending (∗). The first important
remark is that the orbit space M/S1 is a singular manifold (more exactly, a stratified pseudomanifold
in the sense of [5]), possibly with boundary. Consequently, the intersection cohomology introduced by
Goresky and MacPherson in [5] appears as a natural cohomology theory to study S1-actions. The main
result of this work (Theorem 3.1.8) shows that for any perversity r = (0, 0, 0, r5, r6, . . .) there exists an
exact sequence
· · · → H i(M)
∮
∗
−→ IH i−1r (M/S
1, ∂(M/S1))
∧[e]
−→ IH i+1
r+2
((M − F4)/S
1)
π∗
−→ H i+1(M)→ · · ·
where
∮
is the integration along the orbits of Φ, r + 2 = (0, 1, 2, r5+2, r6+2, . . .), [e] ∈ IH
2
2
((M−F4)/S
1)
is the Euler class of Φ, ∂(M/S1) is the boundary of the orbit space and F4 ⊂ M is the union of the
connected components of codimension 4 of the fixed point set.
The vanishing of the Euler class [e] has also a geometrical interpretation. We show that [e] = 0 is
equivalent to the existence of a singular foliation, in the sense of [13], whose restriction to M−{fixed
points} is a locally trivial fibration over S1, transverse to the orbits of the action Φ (see Theorem 3.2.4).
In this case the codimension of the fixed point set is at most 2.
The main tool used here is a “blow-up” of the action Φ into a free action Φ˜:S1 × M˜ → M˜ . We
know that the intersection cohomology of the orbit space M/S1 can be calculated using a complex of
differential forms of M˜/S1 (see [11]). Then, we can apply the usual techniques for free actions in order
to get the Gysin sequence and the Euler class.
In Section 1 we introduce the “blow-up” of the action Φ. We recall in the second section the notion
of intersection differential form. Section 3 is devoted to the proof of the main results of our work: the
Gysin sequence and the geometrical interpretation of the vanishing of the Euler class. In the Appendix
we prove some technical Lemmas stated on previous sections.
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In a coming paper we expect to extend this study to the action of a compact Lie group and obtain
a spectral sequence relating the cohomology of the manifold, the intersection cohomology of the orbit
space and the Lie algebra of G.
The second author is grateful to the Department of Mathematics of the University of Illinois at
Urbana-Champaign for the hospitality provided during the writing of this paper.
In this work all the manifolds are connected and smooth and “differentiable” means “of class C∞”.
The cohomology H∗(X) (resp. the homology H∗(X)) is the singular cohomology (resp. homology) of the
space X with real coefficients.
1 Stratifications and unfoldings
Let Φ:S1 ×M → M be an effective differentiable action of the circle S1 on a m-dimensional manifold
M . This action induces on M a natural structure of stratified pseudomanifold, invariant by S1. In this
section we study this structure and we construct an unfolding of M (see [11]), invariant by S1. Finally,
we show the orbit space M/S1 inherits a similar structure in a natural way.
1.1 Stratification and unfolding of M
The stratification of M comes from the classification of the points of M according to their isotropy
subgroups. Since the stratified pseudomanifold M is a stratified space (see [15]) it possesses an unfolding
(see [1] and [12]). We recall in this paragraph these notions.
1.1.1 Definitions (see [2]). Let Φ:G×M → M an action of a closed subgroup G ⊂ S1. We will write
Φ(g, x) = Φg(x) = g · x. Throughout this paper every action will be supposed to be effective, that is,
each Φg is different from the identity, for g 6= e. The map π:M →M/G is the canonical projection onto
the orbit space M/G.
Consider on M the equivalence relation ∼ defined by x ∼ y iff Gx = Gy, where Gz denotes the
isotropy subgroup {g ∈ G / g · z = z} of a point z ∈M . The connected components of the equivalence
classes of this relation are the strata of M , which are proper submanifolds of M . For each stratum S we
will write GS the isotropy subgroup of any point of S. There are three types of strata: regular stratum
(if GS = {identity element e}), fixed stratum (if GS = G) and exceptional stratum (if GS 6= {e},
G). The projection π:S → π(S) is a principal fibration with fiber G/GS . The union of regular strata is
an open dense subset of M (see [2, page 179]).
We will write MG the fixed point set of M . The action is said to be a free action (resp. almost
free action) if the strata of Φ are regular strata (resp. regular or exceptional strata).
Since in this section it will be necessary to deal with actions of S1 and with the induced actions on
the links Sℓ, we introduce the notion of good action which includes both. The action Φ:G ×M → M
will be said a good action if G = S1 or M = Sℓ and G is a finite abelian subgroup of SO(ℓ+1). Notice
that in this case we have the relation Φ(G× S) ⊂ S for each stratum S.
Throughout this section we will suppose that Φ is a good action. In order to describe the stratification
and the unfolding of M we need to recall some facts about the local structure of the action Φ.
1.1.2 Local structure of M (see [2, page 306]). Each stratum S possesses a tubular neighborhood
NS = (T , τ, S,D
ℓ+1) satisfying:
i) T is an open neighborhood of S,
ii) τ : T → S is a locally trivial fibration, with fiber the open disk Dℓ+1, whose restriction to S is the
identity,
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iii) there exist an orientable orthogonal action ΨS :GS × S
ℓ → Sℓ and an atlas A = {(U,ϕ)} such that
ϕ: τ−1(U)→ U×Dℓ+1 is GS-equivariant, that is, ϕgϕ
−1(x, [θ, r]) = (x, [ΨS(g, θ), r]) for each g ∈ GS
and (x, [θ, r]) ∈ U × cSℓ. Here we have identified Dℓ+1 with the cone cSℓ = Sℓ × [0, 1[ /Sℓ × {0}
and written [θ, r] an element of the cone cSℓ, and
iv) if g ∈ G and ϕj : τ
−1
(Uj)→ Uj×cS
ℓ, j = 1, 2, are two charts of A with g ·U1 ⊂ U2, then there exists
a map γ:U1 → O(ℓ+1) such that ϕ2gϕ
−1
1 (x, [θ, r]) = (g ·x, [γ(x) ·θ, r]) for each (x, [θ, r]) ∈ U1×cS
ℓ.
Condition iii) implies that the structural group of A is the centralizer Z of G in O(ℓ+ 1). Condition iv)
means that the group G acts on T by morphisms of fibration with structural group; it also implies that
the map τ is equivariant. Notice that the action ΨS is a good action without fixed points. The charts of
A will be said distinguished charts of the tubular neighborhood NS .
1.1.3 Stratification of M . For each integer i we put Mi the union of strata S of M with dimS ≤ i.
This defines a filtration of M by closed subsets:
M =Mm ⊃Mm−1 ⊃ · · · ⊃M1 ⊃M0 ⊃M−1 = ∅.
If the subset Mm−1 − Mm−2 is not empty then it is a submanifold, not necessarily connected, of
codimension 1. The group GS acts trivially on S ⊂ Mm−1 −Mm−2 and each g ∈ GS acts transversally
by the antipodal map. This is impossible because the action Φ is a good action. Therefore the above
filtration becomes:
M =Mm ⊃Mm−1 =Mm−2 = ΣM ⊃ · · · ⊃M1 ⊃M0 ⊃M−1 = ∅.
For the definition of a stratified pseudomanifold we refer a reader to [6]. A stratified pseudomanifold
is said to be differentiable if the strata are differentiable manifolds.
Proposition 1.1.4 The above filtration endows M with a structure of differentiable stratified pseudo-
manifold.
Proof. We proceed by induction on the dimension of M . For dimM = 0 the Proposition is obvious.
Suppose that the statement holds for each manifold with dimension strictly smaller than that of M . We
first check the local structure near of a stratum S of M .
Let (U,ϕ) and ΨS be as in §1.1.2 iii). By induction hypothesis the sphere S
ℓ is a stratified pseu-
domanifold with the structure induced by the action ΨS . We show that ϕ sends diffeomorphically the
strata of τ−1(U) to the strata of U × cSℓ.
Since the isotropy subgroup of any point in τ−1(U) is included in GS , the map ϕ induces a diffeo-
morphism between τ−1(U) ∩ (Mj −Mj−1) and
∅ if j ≤ m− ℓ− 2
U × {vertex} if j = m− ℓ− 1
U × {(Sℓ)j+ℓ−m − (S
ℓ)j+ℓ−m−1}×]0, 1[ if j ≥ m− ℓ
where Sℓ = (Sℓ)ℓ ⊃ (S
ℓ)ℓ−1 = (S
ℓ)ℓ−2 ⊃ · · · ⊃ (S
ℓ)0 ⊃ ∅ is the stratification induced by ΨS .
If the stratum S is not regular we have τ−1(U)∩ (M −Mm−2) ∼= U ×{S
ℓ− (Sℓ)ℓ−2}×]0, 1[, which by
induction hypothesis is a dense open subset of U × cSℓ. Hence the open set M −Mm−2 is a dense subset
of M . ♣
Remark that the trace on τ−1(U) of the stratification defined by G, is the same as the stratification
defined by GS . The open M −Mm−2 is the union of regular strata.
An isomorphism between two differentiable stratified pseudomanifolds is a homeomorphism whose
restriction to the strata is a diffeomorphism. In particular, the map ϕ is an isomorphism.
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The length of M is the integer len(M) satisfying Mm−len(M) 6= Mm−len(M)−1 = ∅. For example,
len(M) > len(Sℓ). Notice that the action is free if and only if len(M) = 0.
1.1.5 Equivariant unfolding. If the action Φ is free, an equivariant unfolding ofM is just an equivariant
trivial finite differentiable covering. In the general case, an equivariant unfolding of M is given by
1) a manifold M˜ supporting a free action of G,
2) a continuous equivariant map LM : M˜ → M such that the restriction to M˜ − L
−1
M (ΣM ) is a finite
trivial differentiable covering, and
3) for each x0 ∈ S, S stratum non regular, and for each x˜0 ∈ L
−1
M (x0) the following diagram commutes
U U × cSℓ
U˜ U × S˜ℓ×]− 1, 1[
(1) LM P
ϕ
ϕ˜
✲
✲
❄ ❄
where
i) U ⊂M and U˜ ⊂ M˜ are GS-invariant neighborhoods of x0 and x˜0 respectively,
ii) (U,ϕ) is a distinguished chart of a tubular neighborhood of S,
iii) ϕ˜ is a GS-equivariant diffeomorphism, and
iv) P (x, θ˜, r) = (x, [LSℓ(θ˜), |r|]) for a GS-equivariant unfoldingLSℓ : S˜
ℓ → Sℓ.
Notice that for each stratum S the restriction LM :L
−1
M (S)→ S is a submersion. The map LM : U˜ → U
is a GS-equivariant unfolding.
Since the construction of an equivariant unfolding is a technical point without influence for the rest
of the work, the proof of the following statement can be founded in the Appendix.
Proposition 1.1.6 For every good action Φ:G×M →M there exists an equivariant unfolding of M .
1.2 Stratification and unfolding of B
Now, we show how the stratification and the unfolding of M induce a stratification and an unfolding in
the orbit space B = M/G, by means of the canonical projection π:M → B. To this end, we study the
local structure of B.
1.2.1 Local structure of B. For each stratum S of M , the image π(T ) is a neighborhood of π(S) (see
§1.1.2). The map ρ:π(T ) → π(S) given by ρ(π(x)) = πτ(x) is well defined. We are going to show that
NS/GS = (π(T ), ρ, π(S), D
ℓ+1/GS) is a tubular neighborhood of π(S) in B.
Lemma 1.2.2 The map ρ:π(τ)→ π(S) is a submersion.
Proof . Let y0 be a point of π(S). We choose a distinguished chart (U,ϕ) of NS such that:
1) V = π(U) is a neighborhood of y0, and
2) there exists a differentiable section σ of π:U → V .
Thus, if x is a point of U there exists g ∈ G with g · x ∈ σ(V ). The element g is not unique, but
g′ · x ∈ σ(V ) implies g−1g′ ∈ GS , then π(U) = πσ(V ) = σ(V )/GS . Because τ is equivariant we get
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πτ−1(U) = πτ−1σ(V ) = τ−1σ(V )/GS . Since the restriction ϕ: τ
−1σ(V ) → σ(V ) × cSℓ is an equivariant
diffeomorphism we obtain the commutative diagram
ρ−1(V ) V × c(Sℓ/GS)
τ−1σ(V ) σ(V )× cSℓ
π Π
ψ
ϕ
✲
✲
❄ ❄
where p:Sℓ → Sℓ/GS is the canonical projection and Π(y, [θ, r]) = (π(y), [p(θ), r]). Finally, the home-
omorphism ψ satisfies prV ψπ(x) = πτ(x) = ρπ(x), where prV :V × c(S
ℓ/GS) → V is the canonical
projection. ♣
The family B = {(V, ψ)} previously constructed is an atlas of NS/GS . Each (V, ψ) will be said a
distinguished chart of NS/GS . In order to simplify some calculations, we shall suppose that each V is
a cube, that is, it is diffeomorphic to a product of intervals.
1.2.3We have already seen that the family {π(S) / S stratum of M} is a partition of B in submanifolds,
called strata of B. This leads us to the filtration
· · · ⊃ Bj ⊃ Bj−1 ⊃ · · · ⊃ B0 ⊃ B−1 = ∅,
where each Bj is the union of the strata of B with dimension less or equal than j. This filtration enjoys
of the following three properties:
a) B = Bn, where n = m− dimG,
b) B −Bn−1 is a dense open set , and
c) Bn−1 −Bn−2 = ∪π({strata of codimension 2 with GS = S
1}).
In order to proof a) consider a regular stratum S. The projection π:S → π(S) is a G-principal bundle
and hence dimπ(S) = m − dimG. Let S be a stratum of Mm−2. Consider (U,ϕ) a distinguished chart
of NS . The density of M −Mm−2 implies the existence of a m-dimensional stratum R of M satisfying
τ−1(U)∩R 6= ∅. There exists a stratumR of Sℓ (for the action ΨS) verifying ϕ(τ
−1(U)∩R) = U×R×]0, 1[.
Hence, dimπ(S) = dimU ≤ dimR = m− dimG, and therefore B = Bn.
Property b) is proved in a similar way.
Finally, if π(S) is a stratum of dimension n− 1, we get from the previous diagram dim(Sℓ/GS) = 0.
Thus GS = S
ℓ and ℓ = 1.
For the definition of stratified pseudomanifold with boundary we refer the reader to [5].
Proposition 1.2.4 The filtration B = Bn ⊃ Bn−2 = ΣB ⊃ Bn−3 ⊃ · · · ⊃ B0 ⊃ B−1 = ∅, endows B
with a differentiable stratified pseudomanifold structure, possibly with boundary.
Proof. Assume that the statement is true for any good action of length smaller than len(M). The boun-
dary ∂B = ∪{π(S) strata of B / GS = S
1 and dimS = m − 2} is a manifold. According to §1.2.2, ∂B
possesses a neighborhood N diffeomorphic to the product B × [0, 1[. It remains to show that B − ∂B is
a stratified pseudomanifold. We need to check the local behavior of the above filtration.
Let π(S) be a stratum of B − ∂B and (V, ψ) ∈ B a chart. According to §1.2.2, for each stratum
π(S0) 6= π(S) of B meeting ρ
−1(V ) there exists a stratum σ0 of S
ℓ such that the diagram
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ρ−1(V ) ∩ π(S0)
τ−1σ(V ) ∩ S0
V × p(σ0)×]0, 1[
σ(V )× σ0×]0, 1[
π π × p× identity
ψ
ϕ
✲
✲
❄ ❄
commutes. By induction, the quotient Sℓ/GS is a stratified pseudomanifold, with strictly positive di-
mension and without boundary (see §1.2.3 c)). Finally, since π and p are submersions and ϕ is a
diffeomorphism we get that ψ is a diffeomorphism. Analogously we show that ψ sends diffeomorphically
ρ−1 ∩ π(S) to V . Moreover ψ is an isomorphism. ♣
1.2.5 Unfolding of B. We recall the definition of unfolding of a stratified pseudomanifold given in [11].
For the case len(M) = 0 an unfolding of B is a finite trivial covering. Assume len(M) > 0. An unfolding
of B is a continuous map LB from a manifold B˜ to B, such that the restriction LB: B˜−L
−1
B (ΣB)→ B−ΣB
is a diffeomorphism in each connected component and the following condition holds:
For each y0 ∈ π(S), S non regular stratum, and for each y˜0 ∈ L
−1
B (y0) there exists a commutative
diagram
V V × c(Sℓ/GS)
V˜ V × ˜Sℓ/GS×]− 1, 1[
(2) LB R
ψ
ψ˜
✲
✲
❄ ❄
where:
i) V ⊂ B and V˜ ⊂ B˜ are neighborhoods of y0 and y˜0 respectively,
ii) (V, ψ) ∈ B is a distinguished chart of a tubular neighborhood of S/GS ,
iii) ψ˜ is a diffeomorphism, and
iv) R(x, ζ˜, r) = (x, [LSℓ/GS (ζ˜), |r|]), for an unfolding LSℓ/GS :
˜Sℓ/GS → Sℓ/GS .
Remark that for each stratum S of M the restriction LB:L
−1
B (S/GS)→ S/GS is a submersion. The
existence of equivariant unfoldings for M implies the existence of unfoldings for B.
Proposition 1.2.6 For every good action Φ:G×M →M there exists a commutative diagram
M B
M˜ B˜
(3) LM LB
π
π˜
✲
✲
❄ ❄
where:
a) π˜: M˜ → B˜ is a principal fibration,
b) LM : M˜ →M is an equivariant unfolding of M , and
c) LB is an unfolding of B.
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Proof. See Appendix. ♣
2 Differential forms
The aim of this section is to recall the notion of intersection differential forms (see [11]). We also establish
a first relation between the intersection differential forms of M and those of B.
From now on we will suppose G = S1. We will write ΣM =Mm−2 and ΣB = Bn−2 the singular parts
of M and B respectively. We fix two unfoldings LM : M˜ → M and LB: B˜ → B satisfying §1.2.6. By
q = (q2, . . . , qm) we denote a perversity, that is q2 = 0 and qk ≤ qk+1 ≤ qk + 1 (see [5]).
2.1 Intersection differential forms
The intersection cohomology of M and B can be calculated with a complex of differential forms on
M −ΣM and B−ΣB respectively. This corresponds to the complex of intersection differential forms (see
[11]), which we recall now.
2.1.1 A differential form ω onM−ΣM (resp. B−ΣB) is liftable if there exists a differential form ω˜ on M˜
(resp. B˜), called the lifting of ω, coinciding with L∗Mω on L
−1
M (M −ΣM ) (resp. L
∗
Bω on L
−1
B (B −ΣB)).
By density this form is unique.
If the forms ω and η are liftable then the forms ω + η, ω ∧ η and dω are liftable, and we have the
following relations: ˜ω + η = ω˜ + η˜, ω˜ ∧ η = ω˜ ∧ η˜, and d˜ω = dω˜.
Hence, the family of liftable differential forms is a differential subcomplex of the De Rham complex of M˜
(resp. B˜).
2.1.2 Cartan’s filtration. Let κ:N → C be a submersion with N and C manifolds. For each differential
form ω 6≡ 0 on N we define the perverse degree of ω, written ||ω||C , as the smallest integer k verifying:
If ξ0, . . . , ξk are vector fields on N tangents to the fibers of κ then(4)
iξ0 · · · iξkω ≡ 0.
Here iξj denotes the interior product by ξj . We will write ||0||C = −∞. For each k ≥ 0 we let FkΩ
∗
N =
{ω ∈ Ω∗(N) / ||ω||C ≤ k and ||dω||C ≤ k}. This is the Cartan’s filtration of κ (see [3]).
Notice that for α, β ∈ Ω∗(N) we have the following relations
||α+ β||C ≤ max(||α||C , ||β||C) and ||α ∧ β||C ≤ ||α||C + ||β||C .(5)
2.1.3 The allowability condition is written in terms of the Cartan’s filtration of the submersions
LM :L
−1
M (S)→ S and LB:L
−1
B (S/GS)→ S/GS , where S is a stratum of M .
A liftable form ω on M − ΣM is a q-intersection differential form if for each stratum S included
in ΣM the restriction of ω˜ to L
−1
M (S) belongs to FqkΩ
∗
L
−1
M
(S)
, where k is the codimension of S.
Analogously, a liftable form ω on B − ΣB is a q-intersection differential form if for each stra-
tum S/GS included in ΣB the restriction of ω˜ to L
−1
B (S/GS) belongs to FqkΩ
∗
L
−1
B
(S/GS)
, where k is the
codimension of S/GS .
We shall write K∗q(M) (resp. K
∗
q(B)) the complex of q-intersection differential forms. It is a differential
subcomplex of the De Rham complex of M˜ (resp. B˜), but it is not always an algebra. It coincides with
Ω∗(M) (resp. Ω∗(B)) if the action Φ is free.
We show in [11] that the complex of q-intersection differential forms computes the intersection coho-
mology. In fact we have the isomorphisms
• H∗(Kq(M)) ∼= IH
p
∗ (M) ∼= H∗(M) ∼= H
∗(M) ,
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• H∗(Kq(B)) ∼= IH
p
∗ (B) ,
• H∗(Kq(B, ∂B)) ∼= IH
p
∗ (B, ∂B).
Here p denotes the complementary perversity of q (see [5]) and Kq(B, ∂B) the complex of differential
forms of Kq(B) which vanish on ∂B. In order to make uniform the notations, we will write: H
∗(Kq(M)) =
IH∗q (M), H
∗(Kq(B)) = IH
∗
q (B) and H
∗(Kq(B, ∂B)) = IH
∗
q (B, ∂B).
2.1.4 An important tool, used in Section 3 to get the Gysin sequence, is the study of the relationship
between the degrees defining the Cartan’s filtration on M and B. A first step in this direction is given
by
||π˜∗η||S = ||η||S/GS(6)
where S is a stratum of ΣM and η is a differential form on L
−1
B (S/GS). If the action Φ has not fixed
points, then the codimensions of S and S/GS are the same. Therefore, the equality (6) implies
ω ∈ K∗q(B)⇔ π
∗ω ∈ K∗q(M).
In this case the map π∗: IH∗q (B)→ H
∗(M) is well defined.
In order to proof (6) it suffices to remark that in the following commutative diagram
S S/GS
L−1M (S) L
−1
B (S/GS)
LM LB
π
π˜
✲
✲
❄ ❄
the restriction of π˜ to the fibers of LM is a submersion onto the fibers of LB.
2.2 Invariant forms
It is well known that the De Rham cohomology of a manifold supporting an action of G is calculated
by the complex of differential forms invariant by the action. The same phenomenon happens when the
intersection cohomology is involved.
2.2.1 A differential form ω on M −ΣM is called invariant under the action of G if it satisfies Φ
∗
gω = ω
for each g ∈ G. The invariant differential forms are a subalgebra of Ω∗(M −ΣM ), which will be denoted
by IΩ∗(M − ΣM ). It is shown in [7] that the inclusion IΩ
∗(M − ΣM ) →֒ Ω
∗(M − ΣM ) induces an
isomorphism in cohomology.
The following Lemmas are devoted to prove that the operators used in [7] send the liftable differential
forms to themselves. This will prove that the inclusion IK∗q(M) = IΩ
∗(M − ΣM ) ∩ K
∗
q(M) →֒ K
∗
q(M)
induces an isomorphism in cohomology.
Lemma 2.2.2 Consider Φ:G×M →M and Φ′:G×M ′ →M ′ two actions and f :M →M ′ an equivariant
differentiable map. Suppose there exists an equivariant differentiable map f˜ : M˜ → M˜ ′ with LM ′ f˜ = fLM .
If Gx = Gf(x) for each x ∈M , then the map f
∗ sends K∗q(M
′) to K∗q(M).
Proof . For each form ω ∈ K∗p(M
′) the lifting of f∗ω is f˜∗ω˜ because L∗Mf
∗ω = f˜∗L∗M ′ω on M˜ −L
−1
M (ΣM ).
Furthermore, for each stratum S of ΣM there exists a stratum S
′ of ΣM ′ with f(S) ⊂ S
′. This gives us
the commutative diagram
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S S′
L−1M (S) L
−1
M ′(S
′)
LM LM ′
f
f˜
✲
✲
❄ ❄
Therefore ||f˜∗ω˜||S′ ≤ ||ω˜||S , which implies f
∗(FqkΩ
∗
L
−1
M′
(S′)
) ⊂ FqkΩ
∗
L
−1
M
(S)
and so f∗K∗q (M
′) ⊂ K∗q (M). ♣
For each manifoldN , we will consider on the productN×M the action G defined by g·(x, y) = (x, g·y)
and the equivariant unfolding LN×M = identity ×LM :N×M˜ → N×M . We shall write πN :N×M → N
the canonical projection.
Lemma 2.2.3 Let ∆ be a differential form on N with compact support. Then,
ω ∈ K∗q(N ×M)⇒
∮
N
ω ∧ π∗N∆ ∈ K
∗
q(M)
where
∮
N
denotes the integration along the fibers of πN .
Proof. Since the fibers of LN×M :N × L
−1
M (S) → N × S are tangent to the second factor then π
∗
N∆ ∈
K∗
0
(N ×M). Hence ω ∧ π∗N∆ ∈ K
∗
q(N ×M). The result follows by noticing that the N -factor is tangent
to the strata. ♣
Lemma 2.2.4
ω ∈ K∗q(M)⇒ Φ
∗ω ∈ K∗q(G×M)
Proof. Apply Lemma 2.2.2 for f = Φ and f˜ = Φ˜. ♣
Lemma 2.2.5 Let H:N×[0, 1]×M → N×M be a differentiable map defined by H(x, t, y) = (H0(x, t), y).
Then
ω ∈ K∗q(N ×M)⇒ hω ∈ K
∗
q(N ×M),
where hω(x, y) =
∫ 1
0
(H∗ω)(x, t, y)(∂/∂t)dt.
Proof. Consider the commutative diagram
N × [0, 1]×M N ×M
N × [0, 1]× M˜ N × M˜
L
N×[0,1]×M˜ LN×M
H
H˜
✲
✲
❄ ❄
where H˜(x, t, y˜) = (H0(x, t), y˜). Using §2.2.2 we deduce that H
∗ω belongs to K∗q(N × [0, 1]×M). Now,
since the [0, 1]-factor is tangent to the strata, we get that hω belongs to K∗q(N ×M). ♣
The operators used in [7] to show that the inclusion IΩ∗(M − ΣM ) →֒ Ω
∗(M − ΣM ) induces an
isomorphism in cohomology are composition of operators of type §2.2.3, §2.2.4 and §2.2.5. Therefore we
get
Proposition 2.2.6 The inclusion IK∗q(M) →֒ K
∗
q(M) induces an isomorphism in cohomology.
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2.3 Decomposition of invariant forms
In the case of a free action, each invariant form on M is written in terms of the differential forms on the
orbit space B and the fiber G. We extend this decomposition to the case of non-free actions. First we
need some definitions.
2.3.1 The fundamental vector field X of Φ is defined by the relation X(x) = TeΦx(1), where Φx(g) =
g ·x. This vector field is invariant by the action of G and tangent to their orbits. In particular, it vanishes
on the set of fixed points. Since LM is equivariant then the fundamental vector field X˜ of Φ˜ and X are
(LM )∗-related. That is, (LM )∗X˜ = X ◦ LM .
We define the fundamental forms χ and χ˜ by
χ = µ(X, ) and χ˜ = µ˜(X˜, ),
where µ and µ˜ are two riemannian metrics on M −ΣM and M˜ respectively. These forms depend on the
choice of µ and µ˜. Improving the properties of µ and µ˜ we will have richer fundamental forms.
Lemma 2.3.2 There exist two riemannian metrics µ and µ˜, on M −ΣM and M˜ respectively, satisfying:
a) µ and µ˜ are invariant,
b) L∗Mµ = µ˜ on M˜ − L
−1
M (ΣM ),
c) for each exceptional stratum S the differential form χ˜ is a basic form, relatively to LM :L
−1
M (S)→ S.
d) for each fixed stratum S there exists a GS-equivariant riemannian metric M˜ on S˜ℓ such that the
structural group of LM :L
−1
M (S)→ S can be reduced to the group of isometries of (S˜
ℓ,M˜).
Proof. See Appendix ♣
2.3.3 A riemannian metric µ on M −ΣM is said to be a good metric of M if there exists µ˜ satisfying
the previous conditions a), b), c) and d). From now on we fix a good metric µ of M . The following
properties of the fundamental forms associated to µ and µ˜ arise directly from the preceding Lemma.
i) The Lie derivatives LXχ and LX˜
χ˜ are 0.
ii) χ˜(X˜) = h 6= 0 (and we will suppose h = 1).
iii) ||χ˜||S = 0 if S is an exceptional stratum.
iv) ||χ˜||S = 1 if S is a fixed stratum.
v) For each fixed stratum S we have ϕ˜∗χ˜Sℓ = χ˜ on the fibers of
LM :L
−1
M (S)→ S. Here χ˜Sℓ denotes the fundamental form associated
to (S˜ℓ,M˜) and (ϕ,U) is a distinguished chart.
2.3.4 For each ω ∈ IΩ∗(M − ΣM ) there exist two forms ω1, ω2 ∈ Ω
∗(B − ΣB) such that
ω = π∗ω1 + χ ∧ π
∗ω2.
The forms ω1 and ω2 are unique, in fact π
∗ω1 = iXω and π
∗ω2 = ω−χ∧ iXω. The above expression will
be called the decomposition of ω.
Analogously, for each η ∈ IΩ∗(M˜) there exist two unique forms η1, η2 ∈ Ω
∗(B˜) such that
η = π˜∗η1 + χ˜ ∧ π˜
∗η2.
This expression is called the decomposition of η.
If ω is liftable we get the following relation between the two decompositions:
ω˜ = ω˜1 + χ˜ ∧ ω˜2.
The relation between the perverse degree of η, η1 and η2 is the following.
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Proposition 2.3.5 For each form η ∈ Ω∗(M˜) and for each stratum S of M we get
||η||S = max(||η1||S/GS , ||χ˜||S + ||η2||S/GS ).
Proof. By (5) and (6) it suffices to show that ||η||S ≥ max(||η1||S/GS , ||χ˜||S + ||η2||S/GS ). We distinguish
two cases.
• S is an exceptional stratum. Fix k ≥ 0. The condition (4) on η is equivalent to
iξ0 · · · iξk π˜
∗η1 ≡ iξ0 · · · iξk π˜
∗η2 ≡ 0 for each family {ξ0, . . . , ξk} of vector fields tangents to the
fibers of LM :L
−1
M (S)→ S (see §2.3.2 c)).
From (3) this condition is equivalent to
iξ0 · · · iξkη1 = iξ0 · · · iξkη2 ≡ 0 for each family {ξ0, . . . , ξk} of vector fields tangents to the fibers
of LB:L
−1
B (S/GS)→ S/GS ,
which holds if and only if k ≥ max(||η1||S/GS , ||η2||S/GS ). Thus ||η||S ≥ max(||η1||S/GS , ||χ˜||S +
||η2||S/GS ) (see §2.3.3 iii)).
• S is a fixed stratum. Fix k ≥ 0. Since X˜ is tangent to the fibers of LM :L
−1
M (S)→ S, condition (4)
on η becomes
iξ0 · · · iξk π˜
∗η1 ≡ 0 and iξ0 · · · iξk−1 π˜
∗η2 ≡ 0 for each family {ξ0, . . . , ξk} of vector fields tangents
to the fibers of LM :L
−1
M (S)→ S.
Now we proceed as above taking into account that ||χ˜||S = 1 (see §2.3.3 iv)). ♣
The form iXdχ vanishes identically. Thus, the decomposition of dχ is reduced to dχ = π
∗e for a form
e ∈ Ω2(B−ΣB), called the Euler form of Φ (we will also write eµ). Remark that e is a cycle. The Euler
form e˜ of Φ˜ is the lifting of e.
Proposition 2.3.6 For each stratum S of M we get
||e˜||S/GS =
{
2 if S ⊂MS
1
and dimS < m− 2
−∞, 0 otherwise.
Proof. We distinguish two cases.
• S is an exceptional stratum. Since χ˜ is a basic form we get ||e˜||S/GS = ||dχ˜||S ≤ 0 (see (6)).
Remark that if Φ is almost free, then e ∈ K2
0
(B).
• S is a fixed stratum. Each fiber F of LM :L
−1
M (S)→ S is equivariantly isometric to (S˜
ℓ,M˜) endowed
with the free action Ψ˜S . The restriction χ˜|F becomes the fundamental form Y˜ of Ψ˜S . Then, we get the
decomposition
e˜ = ε˜1 + ε˜2(7)
where the restriction ε˜1|F is the Euler form ǫ˜ of Ψ˜S and ε˜2|F vanishes identically.
If ℓ > 1 we claim that the Euler form ǫ˜ ∈ Ω2( ˜Sℓ/GS) is not zero; in this case the restriction e˜|F
does not vanishes identically and therefore the perverse degree ||e˜||S/GS is 2. In order to prove the claim
it suffices to verify that [ǫ] ∈ IH2
0
(Sℓ/GS) is non-zero. Suppose that there exists γ ∈ K
1
0
(Sℓ/GS) with
dγ = ǫ. Thus, the differential form χSℓ − p
∗γ is a cycle of K1
0
(Sℓ), where χSℓ is the fundamental form of
ΨS . Since IH
1
0
(Sℓ) ∼= H1(Sℓ) = 0 there exists f ∈ K0
0
(Sℓ) with df˜ = χ˜Sℓ − p˜
∗γ˜. We have arrived to a
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contradiction because f˜ : S˜ℓ → R is a differentiable map, df˜ 6≡ 0 (df˜(fundamental vector field of ΨS) ≡ 1)
and S˜ℓ is compact.
If ℓ = 1 the dimension of S˜ℓ is 1. Since e˜|F is a differential 2-form, it vanishes identically. Therefore,
we get ||e˜||S/GS ≤ 0. ♣
Corollary 2.3.7 If the action Φ has not fixed points, then for each liftable form ω ∈ Ω∗(M − ΣM ) we
have
ω ∈ K∗q(M)⇔ ω1, ω2 ∈ K
∗
q(B).(8)
Proof. The decomposition of dω˜ is given by: (dω˜)1 = dω˜1+ e˜∧ ω˜2 and (dω˜)2 = −dω˜2. For each stratum S
of M we get max(||ω˜||S , ||dω˜||S) = max(||ω˜1||S/GS , ||ω˜2||S/GS , ||dω˜1+ e˜∧ ω˜2||S/GS , ||dω˜2||S/GS ). Moreover,
since ||e˜ ∧ ω˜2||S/GS ≤ ||e˜||S/GS + ||ω˜2||S/GS ≤ ||ω˜2||S/GS we obtain the relation
max(||ω˜||S , ||dω˜||S) = max(||ω˜1||S/GS , ||ω˜2||S/GS , ||dω˜1||S/GS , ||dω˜2||S/GS ). Notice that the codimension of
S in M is the codimension of S/GS in B. Thus
ω˜ ∈ FqkΩ
∗
L
−1
M
(S)⇔ ω˜1, ω˜2 ∈ FqkΩ
∗
L
−1
B
(S/GS),
from which the result holds. ♣
2.3.8 Euler class. We write F4 the union of 4-codimensional connected components of M
G, and also
its image by π. Proposition 2.3.6 shows that the restriction of the Euler form e to B − F4 belongs to
K2
2
(B − F4), where 2 is the perversity (0, 1, 2, 2, . . .). The class [e] ∈ IH
2
2
(B − F4) is the Euler class of
Φ. Notice that the Euler class [e˜] of Φ˜ belongs to H2(B˜).
3 Gysin sequence
In this section we establish the Gysin sequence that relates the cohomology of M and the intersection
cohomology of B. We also give a geometrical interpretation of the vanishing of the Euler class. Recall
that G denotes the unitary circle S1.
3.1 Integration along the fibers
Differential forms on M − ΣM and differential forms on B − ΣB are related by the integration
∮
along
the fibers of the projection π. The Gysin sequence here obtained arises from the study of this integration∮
.
3.1.1 For each differential form ω ∈ Ω∗(M−ΣM ) we define
∮
ω = ω2, the integration along the fibers
of π. The form
∮
ω belongs to Ω∗−1(B−ΣB). Notice that for each α, β ∈ Ω
∗(B−ΣB) we have
∮
π∗α = 0
and
∮
χ ∧ π∗β = β.
If the action Φ is free, the above relations show that the short sequence
0 −→ Ω∗(B)
π∗
−→ Ω∗(M)
∮
−→ Ω∗−1(B) −→ 0
is exact. The associated long exact sequence
· · · → H i(M)
∮
∗
−→ H i−1(B)
∧[e]
−→ H i+1(B)
π∗
−→ H i+1(M)→ · · ·(9)
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is the Gysin sequence of the free action Φ (see [7]).
If the action Φ is almost free the relation (8) shows that the integration
∮
defines a short exact
sequence
0 −→ K∗q(B)
π∗
−→ IK∗q(M)
∮
−→ K∗−1q (B) −→ 0.
SinceM andB are homological manifolds, the associated long exact sequence is in fact (9) (see Proposition
2.2.6 and [5, §6.4]), which has been proved already in [9].
If fixed points appear, the above relation (9) is not longer true (see §3.1.10 1)). The Gysin sequence
of Φ arises from the study of the short exact sequence
0 −→ Ker
∮
ι
−→ IK∗q(M)
∮
−→ Im
∮
−→ 0,(10)
where ι is the inclusion. The crucial point is to compare Ker
∮
and Im
∮
with K∗q(B). We will observe
a shift in the perversities involved; this is due to the fact that for each fixed stratum S we have
1) codimension of S in M = (codimension of S/GS in B) +1,
2) ||χ˜||S = 1, and
3) ||e˜||S/GS = 2 (except for the case dimS = m− 2).
This led us to consider the following perversities:
r = (r2, r3, r4, r5, . . .) with r2 = r3 = r4 = 0,
r + 2 = (0, 1, 2, r5 + 2, r6 + 2, . . .), and
q = (0, 1, 2, 2, r5 + 2, r6 + 2, . . .).
We begin recalling Propositions 3.2.3 and 3.3.2 of [10].
Proposition 3.1.2 Let A be an unfoldable pseudomanifold (possibly with boundary). Fix I =]− ε, ε[ an
interval of R. The maps pr: I × (A−ΣA)→ A−ΣA and J :A−ΣA → I × (A−ΣA), defined respectively
by pr(t, a) = a and J(a) = (t0, a), for a fixed t0 ∈ I, induce the quasi-isomorphisms:
pr∗:K∗q(A)→ K
∗
q(I ×A) and J
∗:K∗q(I ×A)→ K
∗
q(A).
Proof (sketch). Consider p˜r:×A˜→ A˜ and J˜ : A˜→ I × A˜ defined by p˜r(t, a˜) = a˜ and J˜(a˜) = (t0, a˜). The
two operators pr∗ and J∗ are well defined because, for each stratum S of A, we have ||p˜r∗ω = p˜r∗ω˜||I×S ≤
||ω˜||S and ||J˜∗η = J˜
∗η˜||S ≤ ||η˜||I×S , for any liftable form ω ∈ Ω
∗(A−ΣA) and η ∈ Ω
∗(I × (A−ΣA)). In
fact, these two operators are homotopic; a homotopy operator is given by Hη =
∫
−
t0
η. This comes from
the following facts:
• H˜η =
∫
−
t0
η˜ (on I × A˜),
• ||H˜η||I×S ≤ ||η˜||I×S , and
• dHη −Hdη = (−1)i−1(η − pr∗J∗η),
where η ∈ Ωi(I × (A− ΣA)) is a liftable form. ♣
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Proposition 3.1.3 Let A be a n-dimensional compact unfoldable pseudomanifold. Then
H i(K∗q(cA))
∼=
{
H i(K∗q(A)) if i ≤ qn+1
0 if i > qn+1
where the isomorphism is induced by the canonical projection pr: (A− ΣA)×]0, 1[→ (A− ΣA).
Proof (sketch). The complex K∗q(cA) is naturally isomorphic (by restriction) to the subcomplex C
∗ of
K∗q(A×]− 1, 1[) made up of the forms η satisfying:
a) η ≡ 0 on (A− Σ)× {0} if (degree of η) > qn+1,
b) dη ≡ 0 on (A− Σ)× {0} if (degree of η) = qn+1, and
c) σ∗η ≡ η on (A−ΣA)×(]−1, 1[−{0}) where σ:A×]−1, 1[→ A×]−1, 1[ is defined by σ(a, t) = σ(a,−t).
With the notations of the above Proposition (for ε = 1 and t0 = 0), we get: pr
∗(Kiq(A)) ⊂ C
i, for
i < qn+1; pr
∗(Kiq(A)∩ d
−1{0}) ⊂ Ci, for i = qn+1; J
∗Ci = {0}, for i > qn+1 and H(C
∗) ⊂ C∗. The same
procedure used in §3.1.2 finishes the proof. ♣
3.1.4 Kernel of
∮
. The elements of Ker
∮
are the differential forms π∗ω verifying
i) ω ∈ Ω∗(B − ΣB) is a liftable form,
ii) ω˜ ∈ FqkΩ
∗
L
−1
B
(S/GS)
for each exceptional stratum S with dimS =
n− k and for each fixed stratum S with dimS =
n− k < n− 4,
iii) ω˜ ∈ F2Ω
∗
L
−1
B
(S/GS)
for each fixed stratum S with dimS = n− 4, and
iv) ω˜ ∈ F0Ω
∗
L
−1
B
(S/GS)
for each fixed stratum S with dimS = n− 2.
(see (6)). The two last conditions are always fulfilled. In fact, the dimension of the fibers of
LB:L
−1
B (S/GS)→ S/GS are 2 and 0 respectively.
Proposition 3.1.5 The map π∗: IH∗
r+2
(B − F4)→ H
∗(Ker
∮
) is an isomorphism.
Proof . Consider D∗(B) the subcomplex of Ω∗(B − ΣB) made up of the differential forms satisfying i)
and ii). This complex is isomorphic to Ker
∮
by π∗. The relations q ≤ r + 2 and qk ≤ rk−1 + 2, for
k ≥ 6, imply that the restriction D∗(B) → K∗
r+2
(B − F4) is well defined. Now, it suffices to show that
this restriction induces an isomorphism in cohomology. First of all notice that for each stratum S the
space Sℓ/GS is a homological manifold. We have several possibilities:
1) B = V × c(Sℓ /GS) and GS 6= S
1. We have F4 = ∅ and D
∗(B) = K∗q(B). The result comes from
the fact that B is a homological manifold (see [5, §6.4]).
2) B = V × c(Sℓ/GS), GS = S
1 and ℓ > 3. We have F4 = ∅, the local calculations of the intersection
cohomology give IHj
r+2
(B) ∼= IHj
r+2
(Sℓ/GS) if j ≤ rℓ + 2, and IH
j
r+2
(B) ∼= 0 otherwise.
On the other hand, the operators used in §3.1.2 and §3.1.3 preserve the Cartan’s filtration. Following
the same procedure used there, we get:
H∗(D(B)) ∼= H∗(D(c(Sℓ/GS)) ∼= H
∗{ω ∈ Kjq((S
ℓ/GS)×]− 1, 1[) such that
a) ω ≡ 0 on (Sℓ/GS − ΣSℓ/GS )× {0} if j > qℓ+1 = rℓ + 2,
b) dω ≡ 0 on (Sℓ/GS − ΣSℓ/GS )× {0} if j = qℓ+1 = rℓ + 2, and
c) σ∗ω ≡ ω on (Sℓ/GS − ΣSℓ/GS )× {0} }),
∼= H∗({ω ∈ K
j
q(S
ℓ/GS) / ω ≡ 0 if j > rℓ + 2, and dω ≡ 0 if j = rℓ + 2}),
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which is isomorphic to IH∗
r+2
(B).
3) B = V × c(Sℓ/GS), GS = S
1 and ℓ = 3. We have K∗
r+2
(B − F4) = K
∗
r+2
(V × (S3/GS)×]0, 1[). The
local calculations of the intersection cohomology show IH∗
r+2
(B − F4) ∼= H
∗(S3/GS).
Using the same procedure as before, we get:
H∗(D(B)) ∼= H∗(D(c(S3/GS))) ∼= H
∗({ω ∈ K∗q((S
3/GS)×]− 1, 1[) / σ
∗ω = ω})
∼= H∗(S3/GS).
4) B = V × c(Sℓ/GS), GS = S
1 and ℓ = 1. We have ΣB = ∅ and therefore D
∗(B) = K∗
r+2
(B) =
{liftable forms of Ω∗(B)}.
5) General case. The space B possesses a cover by open sets W = {W} and every W satisfies one of
the previous conditions. We finish the proof if we construct a subordinated partition of unity {f} such
that
ω ∈ K∗q(B − F4) (resp. D
∗(B))⇒ fω ∈ K∗q(B − F4) (resp. D
∗(B)).(11)
To this end, take {f} a partition of unity made up of controlled functions (see [15]). It is easy to check
that each function f is a liftable one (see [10, §4.1.5]). Since the lifting f˜ is constant on the fibers of each
LB:L
−1
B (S/GS)→ S/GS we get ||f˜ ||S/GS = ||df˜ ||S/GS ≤ 0. Therefore (11) holds. ♣
3.1.6 Image of
∮
. Recall that for a liftable differential form ω = π∗α+ χ ∧ π∗β on IΩ∗(M − ΣM ) the
perverse degrees ||ω˜||S and ||dω˜||S , where S is a stratum of ΣM , are calculated by:
||ω˜||S = max(||α˜||S/GS , ||χ˜||S + ||β˜||S/GS ) and
||dω˜||S = max(||dα˜+ e˜ ∧ β˜||S/GS , ||χ˜||S + ||dβ˜||S/GS ).
Therefore, a differential form π∗β belongs to the image of
∮
if and only if there exists a differential form
α satisfying:
i) α, β ∈ Ω∗(B − ΣB) are liftable forms,
ii) α˜, β˜ ∈ FqkΩ
∗
L
−1
B
(S/GS)
for each exceptional stratum S with dimS = n− k,
iii) β˜ ∈ Fqk−1Ω
∗
L
−1
B
(S/GS)
, for each fixed stratum S with dimS = n− k ≤ n− 4
||α˜||S/GS ≤ qk and
||dα˜+ e˜ ∧ β˜||S/GS ≤ qk
iv) β˜|S/GS ≡ 0 for each fixed stratum S with dimS = n− 2.
The relations r ≤ q and rk−1 ≤ qk − 1, for k ≥ 4, imply that K
∗
r(B, ∂B) is a subcomplex of Im
∮
(taking α = 0). Moreover we have
Proposition 3.1.7 The inclusion K∗r(B, ∂B) →֒ Im
∮
induces an isomorphism in cohomology.
Proof . We consider several cases.
1) B = V × c(Sℓ/GS) and GS 6= S
1. We have K∗r(B, ∂B) = K
∗
r(B) and Im
∮
= K∗q(B). The result
comes from the fact that B is a homological manifold.
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2) B = V × c(Sℓ/GS), GS = S
1 and ℓ > 1. We have K∗r(B, ∂B) = K
∗
r(B) and therefore
Hj(K∗r(B, ∂B))
∼=
{
Hj(Sℓ/GS) if j ≤ rℓ
0 if j > rℓ
(see §3.1.2 and §3.1.3).
On the other hand, remark that we can change in iii) the form e˜ by the (pullback of the) Euler form
ǫ˜ of Ψ˜S (see (7)). Since the operators used in §3.1.2 and §3.1.3 preserve the form ǫ˜ we get, following the
same procedure used there, the isomorphisms:
H∗(Im
∮
) ∼= H∗(Im
∮
: IK∗q(cS
ℓ)→ Ω∗−1(c(Sℓ − ΣSℓ)/GS))
∼= H∗({β ∈ K
j
q((S
ℓ/GS)×]− 1, 1[) / ∃α ∈ K
j+1
q ((S
ℓ/GS)×]− 1, 1[) satisfying
a) α ≡ β ≡ 0 on (Sℓ/GS − ΣSℓ/GS )× {0} if j ≥ rℓ + 2,
b) dα+ ǫ ∧ β ≡ dβ ≡ 0 on (Sℓ/GS − ΣSℓ/GS )× {0} if j = rℓ + 1, and
c) σ∗α ≡ α and σ∗β ≡ β on (Sℓ/GS − ΣSℓ/GS )× {0} })
∼= H∗({β ∈ K
j
q(S
ℓ/GS) / ∃α ∈ K
j+1
q (S
ℓ/GS) satisfying
a) α ≡ β ≡ 0 if j ≥ rℓ + 2, and
b) dα+ ǫ ∧ β ≡ dβ ≡ 0 if j = rℓ + 1 }).
These calculations imply directly
Hj(Im
∮
) ∼=
{
Hj(Sℓ/GS) if j ≤ rℓ
0 if j ≥ rℓ + 2.
Consider now a cycle β in Krℓ+1q (S
ℓ/GS) with dα+ǫ∧β ≡ 0, for some α ∈ K
rℓ+2
q (S
ℓ/GS). Since the action
ΨS has not fixed points, the map ∧[ǫ]:H
rℓ+1(K∗q(S
ℓ/GS))→ H
rℓ+3(K∗q(S
ℓ/GS)) is a monomorphism (see
§3.1.1). Thus, there exists γ ∈ Krℓq (S
ℓ/GS) with dγ = β. This implies the vanishing of H
rℓ+1(Im
∮
) and
therefore the isomorphism H∗(Im
∮
) ∼= H∗(Kr(B, ∂B)).
3) B = V × c(Sℓ/GS), GS = S
1 and ℓ = 1. We have B = V × [0, 1[ and therefore Im
∮
=
K∗r(B, ∂B) = { liftable forms } ∩ Ω
∗(B, ∂B).
4) General case. Same procedure followed in §3.1.5 5). ♣
We arrive to the main result of this work.
Theorem 3.1.8 Let Φ:S1 ×M → M be an action of S1 on a manifold M . For each perversity r =
(0, 0, 0, r5, r6, . . .) there exists a long exact sequence
· · · → H i(M)
∮
∗
−→ IH i−1r (M/S
1, ∂(M/S1))
∧[e]
−→ IH i+1
r+2
((M − F4)/S
1)
π∗
−→ H i+1(M)→ · · ·(12)
where
a)
∮
is the integration along the fibers of the projection π:M →M/S1,
b) r + 2 = (0, 1, 2, r5 + 2, r6 + 2, . . .),
c) F4 is the union of 4-codimensional connected components of the fixed point set of Φ, and
d) [e] ∈ IH2
2
((M − F4)/S
1) is the Euler class of Φ.
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Proof . Consider the perversity q = (0, 1, 2, 2, r5 + 2, r6 + 2, . . .). The short exact sequence
0 −→ Ker
∮
ι
−→ IK∗q(M)
∮
−→ Im
∮
−→ 0
produces the exact long sequence
· · · → H i(M)
∮
∗
−→ H i−1(Im
∮
)
δ
−→ H i+1(Ker
∮
)
ι∗
−→ H i+1(M)→ · · ·
(see (10) and Proposition 2.2.6). The connecting operator of this sequence is defined by δ[β] = [π∗(e∧β)].
The result comes now from Propositions 3.1.5 and 3.1.7. ♣
Corollary 3.1.9 Let Φ:S1 ×M → M be an action of S1 on a manifold M . If the codimension of the
fixed point set is at least 5, we get the following exact sequence
· · · → H i(M)
∮
∗
−→ H i−1(M/S1)
∧[e]
−→ IH i+1
2
(M/S1)
π∗
−→ H i+1(M)→ · · · .
Proof . By hypothesis we have F4 = ∅ and ∂M/S
1 = ∅. Applying Theorem 3.1.8, for r = 0, and [5, page
153] the result follows. ♣
3.1.10 Remarks.
1) The sequence (12) does not degenerate necessarily in (9). In fact, consider S2ℓ+1 the unit sphere of
Cℓ+1, where the product induces the action Ψ:S1 × S2ℓ+1 → S2ℓ+1. Identify S2ℓ+2 with the suspension
ΣS2ℓ+1 = S2ℓ+1×[−1, 1]/{S2ℓ+1×{1} , S2ℓ+1×{−1}}. Consider the action Φ:S1×S2ℓ+2 → S2ℓ+2 defined
by Φ(θ, [x, t]) = [Ψ(θ, x), t]. If ℓ ≥ 2 then ∂(S2ℓ+2/S1) = F4 = ∅ and the sequence (12) becomes
· · · → H i(S2ℓ+2)→ H i−1(ΣCPℓ)→ IH i+1
2
(ΣCPℓ)→ H i+1(S2ℓ+2)→ · · · .
On the other hand, the sequence (9)
· · · → H i(S2ℓ+2)→ H i−1(ΣCPℓ)→ H i+1(ΣCPℓ)→ H i+1(S2ℓ+2)→ · · ·
cannot be exact, therefore it is different from (12).
For ℓ = 1 we get
· · · → H i(S4)→ H i−1(S3)→ H i+1(S2)→ H i+1(S4)→ · · · ,
and for ℓ = 0 we obtain
· · · → H i(S2)→ H i−1([0, 1], {0, 1})→ H i+1([0, 1])→ H i+1(S2)→ · · · .
2) Up to a non-zero factor, the Euler class of Φ does not depend on the choice of the good metric.
Indeed, let µ1 and µ2 be two good metrics of M . Suppose first that ∂(M/S
1) = ∅. For r = 0 we obtain
from the two Gysin sequences:
H0(M/S1)
∧[eµj ]
−→ IH2
2
((M − F4)/S
1)
π∗
−→ H2(M) j = 1, 2.
The space H0(M/S1) is of dimension one, then, by exactness, dimKerπ∗ ≤ 1 and Im(∧[eµ1 ]) = Kerπ
∗ =
Im(∧[eµ2 ]). Now, there exists λ ∈ R− {0} such that [eµ1 ] = λ[eµ2 ].
If ∂(M/S1) 6= ∅ we get the above result forM/S1−∂(M/S1). Now it suffices to apply the isomorphism
IH∗
2
(M/S1) ∼= IH∗
2
(M/S1 − ∂(M/S1)), induced by restriction, to get the result.
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In particular, the fact that the Euler class of Φ respect to the metric µ vanishes does not depend of
the choice of the good metric µ.
3) If the action Φ has not fixed points, we obtain two exact sequences:
· · ·
π∗
−→ H i(M)
∮
−→ H i−1(M/S1)
∧[e]
−→ H i+1(M/S1)
π∗
−→ · · ·
· · ·
π∗
−→ H i(M)
∮
−→ H i−1(M/S1)
∧[E]
−→ H i+1(M/S1)
π∗
−→ · · · .
The first is (12) and the second one is given by [10]. Here E denotes the Euler form associated to a global
invariant riemannian metric on M . The same argument used in 2) shows that [e] and [E] are that there
exists λ ∈ R− {0} such that [e] = λ[E].
3.2 Vanishing of the Euler class
Consider Φ an almost free action on a compact manifold M . The Euler class [e] ∈ H2(M/S1) vanishes
if and only if there exists a locally trivial fibration Υ:M → S1, whose fibers are transverse to the orbits
of Φ (see [9], [10]).
We show now that if the action Φ has fixed points, the vanishing of the Euler class [e] ∈ IH2
2
((M −
F4)/S
1) has also a geometrical interpretation, for that we need some preliminary results.
Lemma 3.2.1 If the Euler class of Φ vanishes then the codimension of MS
1
is at most two.
Proof . Let S be a fixed stratum on M . Since the Euler class of Φ vanishes then the Euler class of ΨS
also vanishes. From §3.1.10 3) and [10, §4.3] we deduce H1(Sℓ) 6= 0 and therefore ℓ = 1. ♣
Lemma 3.2.2 Suppose that M is compact and that the codimension of MS
1
is two. There exist a
compact manifold M̂ , an almost free action Φ̂:S1 × M̂ → M̂ and a commutative diagram
M̂ M
M˜
L
M̂ LM
L̂M ✲
 
 
 
  ✠
❅
❅
❅
❅❅❘
where
i) L̂M is an equivariant differentiable map,
ii) the restriction of L̂M to each connected component C of M̂−L̂
−1
M (M
S1) is a diffeomorphism,and
iii) the adherence C is manifold with boundary L̂−1M (M
S1).
There also exist two good metrics µ and µˆ, of M and M̂ respectively, such that L̂∗Mµ = µˆ, on
M̂ − L̂−1M (ΣM ).
Proof . For the first part we proceed as in §4.1.1, taking MS
1
instead of Mm−ℓ−1.
For the second one we remark that the set of fixed points MS
1
has a neighborhood on M which is
diffeomorphic to MS
1
×D2. The restriction of the above diagram to this neighborhood becomes
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MS
1
× S1×]− 1, 1[ MS
1
×D2
MS
1
× S˜1×]− 1, 1[
L
M̂ LM
L̂M✲
 
 
 
  ✠
❅
❅
❅
❅❅❘
where L̂M (x, θ, r) = (x, [θ, |r|]), LM̂ (x, θ˜, r) = (x,LS1(θ˜), r), LM (x, θ˜, r) = (x, [LS1(θ˜), |r|]) and LS1 : S˜
1 →
S1 is a trivial covering.
Out of that neighborhood we take µ the restriction of a good metric of M and µˆ = L̂∗Mµ. Inside we
consider: µ˜ = ν + L∗
S1
dθ + dr2, µˆ = ν + dθ + dr2 and µ = ν + dθ + dr2 where ν is a riemannian metric
on MS
1
, dθ is an invariant metric on S1 and dr2 is the canonical metric on ]− 1, 1[. It is easy to see that
they satisfy the given conditions. ♣
Lemma 3.2.3 Suppose that the codimension of MS
1
is two. The Euler class of Φ and the Euler class of
Φ′:S1 × (M −MS
1
)→ (M −MS
1
) vanish simultaneously.
Proof. The orbit space M/S1 is an homological manifold with boundary MS
1
/S1. Thus, the inclusion
(M −MS
1
)/S1 →֒ M/S1 induces an isomorphism H∗((M −MS
1
)/S1) ∼= H∗(M/S1). We have finish,
because the Euler class of Φ′ is the restriction of the Euler class of Φ, for a good metric. ♣
A singular foliation F (see [13]) on M is said to be transverse to Φ if for each point x ∈M −MS
1
the leaf of F and the orbit of Φ passing trough x, are transverse.
Theorem 3.2.4 Let Φ:S1 × M → M be an action of S1 on a compact manifold M . The following
statements are equivalent:
a) the Euler class [e] ∈ IH2
2
((M − F4)/S
1) vanishes, and
b) there exists a singular foliation transverse to Φ, whose restriction to M −MS
1
is a locally trivial
fibration over S1.
Proof . If there are not fixed points, the result was already proved in [10, §4.1], by means of §3.1.10 3).
Then, we can suppose MS
1
6= ∅.
a) ⇒ b) Take µ and µˆ the metrics given by Lemma 3.2.2. Since L∗Mµ = µˆ we get L
∗
M [e] = [eˆ] and
therefore [eˆ] = 0. By §3.1.10 3) and [10, §4.1], there exists a locally trivial fibration Υ: M̂ → S1 transverse
to the fibers of Φ̂.
Let C be a connected component of M̂ − L̂−1M (M
S1). It is easily checked that the distribution
(L̂M )∗(KerΥ∗ ∩ TC) is locally of finite type, therefore it defines a singular foliation F (see [10, pages
185-186]). By §3.2.2 ii), the foliation F is transverse to Φ. So, it remains to verify that the restriction of
F to M −MS
1
is defined by a locally trivial fibration over S1.
Since the restriction L̂M :C → (M −M
S1) is a diffeomorphism it suffices to show that Υ:C → S1
is a locally trivial fibration. Take a fiber N of Υ we get M̂ ∼= N × [0, 1]/ ∼ , where (x, 0) ∼ (f(x), 1),
for a diffeomorphism f :N → N . The fibration Υ becomes Υ([x, t]) = e2πit and the action is tangent
to the [0, 1]-factor. Since C is invariant, there exists a submanifold N0 ⊂ N , invariant by f , such that
C ∼= N0 × [0, 1]/ ∼. This finishes the proof.
b)⇒ a) We show first that the codimension ofMS
1
is two. Let S be a fixed stratum of Φ. The locally
trivial fibration given by b) is defined by a closed differential form. Since Sℓ is an invariant submanifold
of M −MS
1
then the restriction of the above form defines a locally trivial fibration on Sℓ transverse to
ΨS (see [14]). From [10, §4.1, and §4.3] we deduce that the Euler class of ΨS vanishes, and therefore
ℓ = 1.
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Consider onM −MS
1
an equivariant riemannian metric ν such that: i) the leaves of F and the orbits
of Φ are orthogonal, and ii) ν(X,X) = 1. Thus, the associated characteristic form χ is a cycle. That is,
the Euler class [E] (in the sense of [10]) of Φ′:S1 × (M −MS
1
) → (M −MS
1
) vanishes. By §3.1.10 3),
the Euler class [e′] of Φ′ also vanishes. Now we apply Lemma 3.2.3 ♣
As in [10, §4.3 and §4.4], we obtain
Corollary 3.2.5 Under the conditions of the previous Theorem, if B has not boundary and H1(M) = 0
then the Euler class of Φ is non-zero.
Proof . If the Euler class of Φ is 0 then the action Φ is almost free (consider §3.2.1 and ∂B = ∅) and we
can apply [10, §4.3]. ♣
The example §3.1.10 1), with ℓ = 0, show that the hypothesis ∂B = ∅ is necessary.
Corollary 3.2.6 Under the conditions of the previous Theorem, if the Euler class of Φ vanishes, then
any equivariant unfolding M˜ of M possesses a finite covering of the form N × S1.
Proof. Let µ be a good metric of M . The relation L∗M [e] = [e˜] imply the Euler class of Φ˜ vanishes.
Therefore, M˜ has a finite covering of the form N × S1 (see [10]). ♣
4 Appendix
The Appendix is devoted to the proofs of Proposition 1.1.6, Proposition 1.2.6 and Lemma 2.3.2.
4.1 Proof of Proposition 1.1.6
The construction of the equivariant unfolding that we exhibit now is the equivariant version of [1]. We
need the two following Lemmas.
Lemma 4.1.1 Suppose len(M) = ℓ+ 1 > 0. Then there exists a manifold M̂ supporting an action of G
and a continuous equivariant map L̂M : M̂ →M such that:
a) len(M̂) < len(M),
b) L̂M : (M̂ − L̂
−1
M (Mm−ℓ−1)) −→ (M −Mm−ℓ−1) is a finite trivial differentiable covering, and
c) for each stratum S of dimension m− ℓ− 1, for each x0 ∈ S and for each xˆ0 ∈ L̂
−1
M (x0) there exists
a commutative diagram
U U × cSℓ
Û U × S
ℓ×]− 1, 1[
(13) L̂M Q
ϕ
ϕ̂
✲
✲
❄ ❄
where
i) U ⊂M and Û ⊂ M̂ are neighborhoods of x0 and xˆ0 respectively,
ii) (U,ϕ) is a distinguished chart of a tubular neighborhood of S,
iii) ϕˆ is a GS-equivariant diffeomorphism, and
iv) Q(x, θ, r) = (x, [θ, |r|]).
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Proof. We follow the process of “removing a tubular neighborhood” of [8] (see also [4]). In fact, we shall
take the double of the original construction in order to avoid corners.
Let S be the family of strata of M with dimension m − ℓ − 1. We choose for each S ∈ S a tubu-
lar neighborhood NS = (TS , τS , S,D
ℓ+1) as in §1.1.2. Notice that the map
⋃
S∈S
τS :
⋃
S∈S
TS →
⋃
S∈S
S is
equivariant. For each S ∈ S consider
DS = {x ∈ TS / ϕ(x) = (τS(x), [θ,
1
2
]), (U,ϕ) ∈ A}.
It follows from §1.1.2 ii) that
⋃
S∈S
DS is a submanifold of M of codimension 1. The map
F : (
⋃
S∈S
DS)× (]− 1, 1[−{0}) −→
⋃
S∈S
(TS − S)
defined by F (z, r) = ϕ−1(τS(z), [θ, |r|]), where ϕ(z) = (τS(z), [θ,
1
2
]), is a two-fold equivariant differen-
tiable trivial covering.
We define now L̂M : M̂ →M .
• M̂ is the quotient of
{
(M −
⋃
S∈S
S)× {−1, 1}
}
∪
{
(
⋃
S∈S
DS)×]− 1, 1[
}
by the equivalence relation
generated by:
(x, j) ∼ (z, r) iff |r| = jr and x = F (z, |r|).
In the terminology of [8], the manifold M̂ is the double of M ⊙
⋃
S∈S
S.
• L̂M (y) =

x if y = (x, j) ∈ (M −
⋃
S∈S
S)× {−1, 1}
F (z, |r|) if y = (z, r) ∈ (
⋃
S∈S
DS)×]− 1, 1[ .
The set M̂ is a manifold supporting an action of G (taking the trivial action on {−1, 1} and ]−1, 1[). The
map L̂M is an equivariant continuous function. By construction len(M̂) = len(M)−1 and the restriction
of L̂M to M̂ − L̂
−1
M (Mm−ℓ−1) is a finite trivial covering. This gives a) and b).
In order to check c) we first notice that near S ∈ S the map L̂M becomes
L̂M :DS×]− 1, 1[→ TS defined by L̂M (z, r) = F (z, |r|).
Consider (U,ϕ) a distinguished chart of NS with x0 ∈ U and take U = τ
−1(U) and Û = L̂−1M (U) which
is (τ−1(U) ∩DS)×]− 1, 1[. They satisfy i) and ii).
Define the map ϕˆ by ϕˆ(z, r) = (τS(z), θ, r), where ϕ(z) = (τS(z), [θ,
1
2
]); it is a GS-diffeomorphism
satisfying iv).
Since the isotropy subgroup of any point of Û is included in GS we conclude that the trace on Û of
the stratification defined by G is the stratification defined by GS . Therefore ϕˆ is an isomorphism, which
gives iii). ♣
It is shown in [8] that the manifold M̂ is unique. So, for any equivariant diffeomorphism f :M → N
there exists an equivariant diffeomorphism f̂ : M̂ → N̂ with LN f̂ = fLM .
4.1.3 Proof of Proposition 1.1.6
Assume inductively that the statement is true for any good action of length smaller than len(M).
Let L̂M : M̂ → M be the equivariant map given by §4.1.1. Recall that len(M̂) < len(M), therefore by
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induction there exists an equivariant unfolding L
M̂
: M˜ → M̂ . We consider the composition LM = LM̂ L̂M ,
which verifies §1.1.5 1) and 2). It remains to verify 3).
Let x0 be a point of a non regular stratum S and let x˜0 be a point of L
−1
M (x0). If x0 6∈ Mm−ℓ−1 we
consider xˆ0 ∈ M̂ with L̂M (xˆ0) = x0 and we apply the induction hypothesis to L̂M . If x0 ∈ Mm−ℓ−1 we
apply §4.1.1 and we obtain the commutative diagram (13).
Defining U˜ = L−1
M̂
(Û), we get i) and ii). Since ϕˆ is a GS-equivariant isomorphism the composition
ϕˆL
M̂
is a GS-equivariant unfolding. By uniqueness of ˆ we have U ×S
ℓ×]− 1, 1[∼= U × S˜ℓ×]− 1, 1[. This
gives iii) and iv). ♣
4.2 Proof of Proposition 1.2.6
Let LM : M˜ → M be an equivariant unfolding of M (see Proposition 1.1.6). Since LM is equivariant it
induces the continuous map LB: M˜/G = B˜ → B defined by LB(π˜(x˜)) = πLM (x˜). Then a) and b) hold.
In order to prove c) assume inductively that the statement is true for any good action of length smaller
than len(M). In particular, for any non regular stratum S we have a commutative diagram
Sℓ Sℓ/GS ,
S˜ℓ S˜ℓ/GS
(16) LSℓ LSℓ/GS
p
p˜
✲
✲
❄ ❄
satisfying a), b) and c).
Take y0 ∈ π(S), y˜0 ∈ L
−1
B (y0), x0 = π(y0) and x˜0 = π˜(y˜0). Consider the diagram (1) given by
Proposition 1.1.6. We can choose the open set U small enough to have:
1) V = π(U) is a neighborhood of y0, and
2) a differentiable section σ of π:U → V .
Define V = ρ−1(V ) and V˜ = L−1B (V). We get i) and ii). Following the same method used in the proof
of Proposition 1.2.2 and using the equivariance of LM , we can write:
V = L−1B ρ
−1(V ) = π˜L−1M π
−1πτ−1σ(V ) = L−1M τ
−1σ(V )/GS .
Since the restriction ϕ˜:L−1M τ
−1σ(V )→ σ(V )×S˜ℓ×]−1, 1[ is a GS-equivariant diffeomorphism (see §1.1.5),
it induces the homeomorphism ψ˜: V˜ → V × S˜ℓ/GS×] − 1, 1[. The map ψ˜ satisfies iii). Finally, for each
π˜(x˜) ∈ V˜ we can write:
Rψ˜π˜(x˜) = R{π × p˜× identity}ϕ˜(x˜) (definition of ψ˜)
= ΠPϕ˜(x˜) (see (16))
= ΠϕLM (x˜) (see (1))
= ψπLM (x˜) (see §1.2.2)
= ψLBπ˜(x˜) (see (3))
from which iv) is satisfied. ♣
4.3 Proof of Lemma 2.3.2
We prove this result for any good action, where we suppose X ≡ X˜ ≡ 0 if G 6= S1.
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Assume inductively that the statement is true for any good action such that the length of the induced
stratification is smaller than len(M). It suffices to construct two riemannian metrics ν and ν˜, onM−ΣM
and M˜ respectively, satisfying b), c) and d); in this case the metrics:
µ =
∫
G
Φ∗gν and µ˜ =
∫
G
Φ˜∗gν˜(13)
(see [2, page 304]), verify a), b), c) and d).
In order to get ν and ν˜ we proceed in two steps: (I) construction of two riemannian metrics νU and
ν˜U on open sets of the type U − ΣM and U˜ respectively (see (1)), satisfying b), c), d) and (II) pasting
them by a partition of unity.
(I) Fix an open set U as in (1). Consider M and M˜ two riemannian metrics, on Sℓ − ΣSℓ and S˜
ℓ
respectively, satisfying b), c) and d), which exist by induction. We can suppose M˜ invariant by the
structural group of LM :L
−1
M (S) → S (averaging as in (13)). By means of (U,ϕ) we identify (U , U˜ ,LM )
with (U × cSℓ, U × S˜ℓ×]− 1, 1[, P ).
There exists a decomposition T U˜ = T (S˜ℓ×]−1, 1[)⊕E˜, where X˜ is tangent to E˜ if S is an exceptional
stratum. The map P induces a decomposition T (U − ΣM ) = T{(S
ℓ − ΣSℓ)×]0, 1[} ⊕ TU . We define
νU = µU +M + dr
2 and ν˜U = P
∗µU + M˜ + dr
2 where µU is any riemannian metric on U . We need to
check properties b), c) and d).
b) P ∗νU = P
∗µU + L
∗
Sℓ
M+ dr2 = P ∗µU + M˜+ dr
2 = ν˜U .
c) For any exceptional stratum R the natural projection pr:U × S˜ℓ×] − 1, 1[→ U × S˜ℓ induces a map
pr:L−1M (R) → L
−1
M (S) with LM = LM ◦ pr. So, it suffices to check c) on L
−1
M (S). Here, we have:
ν˜U (X˜) = P
∗µU (X˜) = µU (X).
d) For each stratum R meeting U the fibers of LM :L
−1
M (R)→ R are included on the fibers of P . Each
of the fibers of P is GS-equivariantly isometric to (S˜ℓ,M˜). We apply now the induction hypothesis.
(II) Let Ξ = {U} and Ξ˜ = {U˜} be coverings of M and M˜ respectively made up of open sets as in (I).
Consider {νU , ν˜U}U∈Ξ a family of riemannian metrics satisfying b), c) and d). Fix a partition of unity
{fU :U → [0, 1]} subordinated to Ξ. Notice that the family {f˜U = fULM : U˜ → [0, 1]} is a partition of
unity subordinated to Ξ˜. Define the riemannian metrics ν =
∑
Ξ
fUνU on M − ΣM and ν˜ =
∑
Ξ˜
f˜U ν˜U on
M˜ . It is easily checked that ν and ν˜ satisfy b) and c) . For d) we use §1.1.2 iv). ♣
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